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Abstract In this paper, we first obtain several sharp inequalities of homogeneous expan-
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1 Introduction
It is well-known that there exists the following de Branges theorem (or Bieberbach conjecture)
in geometric function theory of one complex variable.
Theorem A[2] If f(z) = z +
∑∞
n=2 anz
n is a biholomorphic function on the unit disk
D = {z ∈ C : |z| < 1}, then
|an| 6 n, n = 2, 3, · · · .
∗Corresponding author. E-mail address: liumsh@scnu.edu.com.
This research is supported by Guangdong Natural Science Foundation (Grant No.2014A030307016,
2014A030313422).
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The above estimations are sharp with the Koebe function K(z) = z(1−z)2 = z +
∑∞
n=2 n z
n as
their extremal function.
Unfortunately, H. Cartan[1] has pointed out that the above theorem does not hold in the case
of several complex variables. Therefore, it is necessary to require some additional properties of
mappings of a class in order to obtain the analogous estimations, for instance, the starlikeness,
the convexity and so on. In 1998, Sheng Gong posed the following conjecture.
Conjecture B If f : Dn → Cn is a normalized biholomorphic starlike mapping, where
Dn = {z = (z1, · · · , zn) ∈ Cn : |zk| < 1, k = 1, 2, · · · , n} is the unit poly-disk in Cn, then
‖Dmf(0)(zm)‖
m!
≤ m‖z‖m, z ∈ Dn,m = 2, 3, · · · .
We shall refer to Conjecture B as Bieberbach-Gong Sheng Conjecture. At the present time,
only the case of m = 2 (see [3]) has been shown. However, with respect to the estimation
of homogeneous expansion for normalized biholomorphic starlike mappings on the Euclidean
unit ball Bn in Cn, Roper and Suffridge in [6] have provided a counter example to verify that
the above conjecture does not hold for m = 2. Then, in this paper, we extend some results
in one complex variable to the case in several complex variables on the unit polydisk Dn in
C
n. From these results, we also obtain the sharp third estimates of homogeneous expansion for
biholomorphic quasi-convex mappings of type B and order α, and the sharp third and fourth
estimates of homogeneous expansion for biholomorphic almost starlike mappings of order α on
the unit polydisk Dn in Cn.
We first recall the following results in the case of one complex variable.
Theorem C[2] If f(z) = z +
∑∞
n=2 anz
n is a univalent function on the unit disk D in the
complex plane C, then
|a3 − a22| ≤ 1.
Theorem D[2] If f(z) = z +
∑∞
n=2 anz
n is a univalent convex function on the unit disk
D, then
|a3 − a22| ≤
1− |a2|2
3
.
Corollary E[17] If f(z) = z +
∑∞
n=2 anz
n is a univalent convex function on the unit disk
D in C, then
|a3 − 2
3
a22| ≤
1
3
.
Corollary F[17] If f(z) = z +
∑∞
n=2 anz
n is a univalent starlike function on the unit disk
D in C, then
|2a3 − a22| ≤ 2
2
Theorem G[2] If f(z) = z +
∑∞
n=2 anz
n is a univalent convex function of order α on the
unit disk D in C, 0 ≤ α < 1, then
|an| ≤ 1
n!
Πnk=2(k − 2α), n = 2, 3, · · · .
The above estimation is sharp.
Theorem H[2] If f(z) = z +
∑∞
n=2 anz
n is a univalent starlike function of order α on the
unit disk D in C, 0 ≤ α < 1, then
|an| ≤ 1
(n− 1)!Π
n
k=2(k − 2α), n = 2, 3, · · · .
The above estimation is sharp.
In the following, let X be a complex Banach space with norm ‖·‖, B = {x ∈ X : ‖x‖ < 1} be
the open unit ball in X; let ∂0B be the boundary of B, B¯ be the closure of B, and ∂0D
n be the
characteristic boundary (i.e. the boundary on which the maximum modulus of the holomorphic
function can be attained) of the unit poly-disk Dn. N+ represents the set of positive integers.
Let H(B) be the set of all holomorphic mappings from B into X, It is well known that if
f ∈ H(B), then
f(y) =
∞∑
n=0
1
n!
Dnf(x)((y − x)n) =
∞∑
n=0
1
n!
Dnf(x)(y − x, · · · , y − x︸ ︷︷ ︸
n
)
for all y in the neighborhood of x ∈ B, where Dnf(x) is the nth−Fre´chet derivative of f at x.
Moreover, Dnf(x) is a bounded symmetric n−linear mapping from ∏nj=1X into X.
A holomorphic mapping f : B → X is said to be biholomorphic if the inverse f−1 exists and
is holomorphic on the open set f(B). A mapping f ∈ H(B) is said to be locally biholomorphic
if the Fre´chet derivative Df(x) has a bounded inverse for each x ∈ B. If f : B → X is
a holomorphic mapping, we say that f is normalized if f(0) = 0 and Df(0) = I, where I
represents the identity operator from X into X.
If X∗ is the dual space of X, for each x ∈ X\{0}, we define
T (x) = {Tx ∈ X∗ : ‖Tx‖ = 1, Tx(x) = ‖x‖}.
According to Hahn-Banach theorem, T (x) is nonempty. For any α(6= 0) ∈ C, since |α|α Tx ∈ T (αx)
corresponding to each Tx ∈ T (x), we always denote |α|α Tx by Tαx.
Let Ω ⊂ Cn be a bounded circular domain. The first order Fre´chet derivative and the
m(m ≥ 2) order Fre´chet derivatives of the mapping f ∈ H(Ω) were denoted by Df(z) and
Dmf(z)(bm−1, ·), respectively. The corresponding matrixes become
Df(z) =
(∂fp(z)
∂zk
)
1≤p,k≤n
,
Dmf(z)(am−1, ·) =
( n∑
l1.l2,··· ,lm−1
∂mfp(z)
∂zk∂zl1 · · · ∂zlm−1
al1 · · · alm−1
)
1≤p,k≤n
,
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where f(z) = (f1(z), f2(z), · · · , fn(z))′, a = (a1, a2, · · · , an)′ ∈ Cn.
Next, some mappings are defined as follows.
Defintion 1.1[2] Let f : D → C be a holomorphic function. Then f is convex if and only
if f ′(0) 6= 0 and
Re
[
1 +
zf ′′(z)
f ′(z)
]
≥ 0, z ∈ D.
Defintion 1.2[2] Let f : D → C be a holomorphic function. We say that f is convex of
order α, 0 ≤ α < 1, if f ′(0) 6= 0 and
Re
[
1 +
zf ′′(z)
f ′(z)
]
≥ α, z ∈ D.
Definition 1.3[14] Suppose that α ∈ [0, 1), and f : B → X is a locally biholomorphic
mapping. If
Re{Tx[(Df(x))−1(D2f(x)(x2) +Df(x)x)]} ≥ α‖x‖, x ∈ B,
then f is said to be a quasi-convex mapping of type B and order α on B. Take the family as
QαB(B). When α = 0, it is the family of quasi-convex mappings of type B.
Definition 1.4[14] Suppose that α ∈ [0, 1), and f : B → X is a locally biholomorphic
mapping. If
Re{Tx[(Df(x))−1f(x)]} ≥ α‖x‖, x ∈ B,
then f is said to be an almost starlike of order α on B.
Definition 1.5[8] Suppose f ∈ H(B). We say that x = 0 is the zero of order k of f(x)
if f(0) = 0, · · · ,Dk−1f(0) = 0, but Dkf(0) 6= 0, where k ∈ N+. Note that the definition is the
same as that in the case X = C.
Definition 1.6[21, 22] Suppose that L : Xm → C is a continuous m−linear form, if
L(x1, x2, · · · , xm) = L(xσ(1), xσ(2), · · · , xσ(m)), ∀x1, · · · , xm ∈ X,
for any x1, · · · , xn in X and any permutation σ of the first m natural numbers, and
‖L‖ = sup {|L(x1, x2, · · · , xm)| : ‖x1‖ ≤ 1, · · · , ‖xm‖ ≤ 1},
then L is said to be continuous symmetric m−linear form. Denote Ls(mX) to be the space of
all continuous symmetric m−linear forms.
Definition 1.7[21, 22] Suppose that L : Xm → C is a continuous symmetric m−linear
form, if
P (x) = L(x, · · · , x), ∀x ∈ X,
4
then P : X → C is said to be continuous homogeneous polynomial of degree m. Let ‖P‖ =
sup {|P (x)| : ‖x‖ ≤ 1}. Take the family as Ps(mX).
For the sake of convenience, we let Lˆ = P .
2 The inequalities of homogeneous expansion for biholomorphic
quasi-convex mappings of type B and almost starlike map-
pings of order α
In order to prove the main results in this section, we need the following lemmas.
Lemma 2.1[2] If f(z) = a0 +
∑∞
n=1 anz
n ∈ H(D), and f(D) ⊂ D, then
|an| ≤ 1− |a0|2, n = 1, 2, · · · ,
when n = 1, the above estimate is sharp.
Lemma 2.2 Let p(z) = 1 +
∑∞
n=1 bnz
n ∈ H(D), and α ∈ [0, 1). If Re p(z) ≥ α, z ∈ D,
then ∣∣∣b2 − b21
2(1 − α)
∣∣∣ ≤ 2(1− α)− |b1|2
2(1 − α) , (2.1)∣∣∣b3 − b1b2
1− α +
b31
4(1 − α)2
∣∣∣ ≤ 2(1 − α)− |b1|2
2(1− α) . (2.2)
Furthermore, we have
|b2| ≤ 2(1− α), (2.3)
and ∣∣∣b2 − b21
1− α
∣∣∣ ≤ 2(1− α). (2.4)
Proof Let h(z) =
1− p(z)−α
1−α
1+ p(z)−α
1−α
= 1−p(z)1−2α+p(z) , z ∈ D, then h(0) = 0, h(D) ⊂ D,h(z) ∈ H(D),
that is, h(z) is just a Schwarz function, moreover,
h(z) =
−∑∞n=1 bnzn
2(1− α) +∑∞n=1 bnzn
=
−b1
2(1− α)z −
[ b2
2(1 − α) −
b21
4(1− α)2
]
z2
−
[ b3
2(1− α) −
b1b2
2(1− α)2 +
b31
8(1− α)3
]
z3 + · · · .
According to Schwarz Lemma, we have
|h(z)/z| = 1 or |h(z)/z| < 1.
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When |h(z)/z| = 1, we have
∣∣∣ b1
2(1 − α)
∣∣∣ = 1, b2
2(1− α) −
b21
4(1 − α)2 = 0,
b3
2(1− α) −
b1b2
2(1 − α)2 +
b31
8(1− α)3 = 0. (2.5)
When |h(z)/z| < 1, we have
∣∣∣ b2
2(1 − α) −
b21
4(1− α)2
∣∣∣ ≤ 1− ∣∣∣ b1
2(1− α)
∣∣∣2, (2.6)∣∣∣ b3
2(1 − α) −
b1b2
2(1− α)2 +
b31
8(1 − α)3
∣∣∣ ≤ 1− ∣∣∣ b1
2(1 − α)
∣∣∣2. (2.7)
By (2.5), (2.6) and (2.7), we obtain
∣∣∣b2 − b21
2(1 − α)
∣∣∣ ≤ 2(1− α)− |b1|2
2(1 − α) ,∣∣∣b3 − b1b2
1− α +
b31
4(1 − α)2
∣∣∣ ≤ 2(1 − α)− |b1|2
2(1− α) .
Finally, we have
|b2| 6
∣∣∣b2 − b21
2(1 − α)
∣∣∣+ |b1|2
2(1− α) 6 2(1− α),
and ∣∣∣b2 − b21
1− α
∣∣∣ 6 ∣∣∣b2 − b21
2(1 − α)
∣∣∣+ |b1|2
2(1− α) ≤ 2(1 − α).
This completes the proof.
Lemma 2.3[13] If f(x) : B → X is a normalized locally biholomorphic mapping, and
g(x) = (Df(x))−1
(
D2f(x)(x2) +Df(x)x
)
, then
D2g(0)(x2)
2!
= 2
D2f(0)(x2)
2!
,
D3g(0)(x3)
3!
= 6
D3f(0)(x3)
3!
− 4D
2f(0)
2!
(
x,
D2f(0)(x2)
2!
)
.
Lemma 2.4[8] If f(x) : B → X is a normalized locally biholomorphic mapping, and
g(x) = (Df(x))−1f(x), then
D2g(0)(x2)
2!
= −D
2f(0)(x2)
2!
,
D3g(0)(x3)
3!
= −2D
3f(0)(x3)
3!
+ 2
D2f(0)
2!
(
x,
D2f(0)(x2)
2!
)
,
D4g(0)(x4)
4!
= −3D
4f(0)(x4)
4!
+ 3
D3f(0)
3!
(
x2,
D2f(0)(x2)
2!
)
+4
D2f(0)
2!
(
x,
D3f(0)(x3)
3!
)
− 4D
2f(0)
2!
(
x,
D2f(0)
2!
(x,
D2f(0)(x2)
2!
)
)
.
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Now we establish the sharp inequalities of homogeneous expansion for biholomorphic quasi-
convex mappings of type B and order α, and the almost starlike mappings of order α.
Theorem 2.1 If f(x) ∈ QαB(B), 0 ≤ α < 1, then∣∣∣Tx(D3f(0)(x3)
3!
)
− 2
3
Tx
(D2f(0)
2!
(x,
D2f(0)(x2)
2!
)
)∣∣∣ ≤ 1− α
3
‖x‖3, x ∈ B.
The above inequality is sharp.
Proof For fixed x ∈ B\{0}, let x0 = x‖x‖ . Define p(ξ) =
Tx0(g(ξx0))
ξ , ξ ∈ D, where
g(x) = (Df(x))−1(D2f(x)(x2) +Df(x)x).
By the hypothesis of Theorem 2.1, we have p(ξ) ∈ H(D), Rep(ξ) ≥ α, p(0) = 1, and
p(ξ) = 1 +
Tx0(D
2g(0)(x20))
2!
ξ +
Tx0(D
3g(0)(x30))
3!
ξ2 + · · · .
According to (2.3) of Lemma 2.2, we obtain∣∣∣Tx0(D3g(0)(x30)3! )
∣∣∣ ≤ 2(1 − α), x0 ∈ ∂B.
From Lemma 2.3, we conclude that
D3g(0)(x30)
3!
= 6
D3f(0)(x30)
3!
− 4D
2f(0)
2!
(
x0,
D2f(0)(x20)
2!
)
= 6
[D3f(0)(x30)
3!
− 2
3
D2f(0)
2!
(
x0,
D2f(0)(x20)
2!
)]
.
That is ∣∣∣Tx0(D3f(0)(x30)3!
)
− 2
3
Tx0
(D2f(0)
2!
(x0,
D2f(0)(x20)
2!
)
)∣∣∣ ≤ 1− α
3
.
Hence,∣∣∣Tx(D3f(0)(x3)
3!
)
− 2
3
Tx
(D2f(0)
2!
(x,
D2f(0)(x2)
2!
)
)∣∣∣ ≤ 1− α
3
‖x‖3 for x ∈ B.
Finally, it is easy to check that the function
f(x) =
{
1−(1−Tu(x))2α−1
2α−1 x, α ∈ [0, 1)\{12},
−x log (1− Tu(x)), α = 12
satisfies the condition of Theorem 2.1, where x ∈ B,u ∈ ∂B. We set x = ru, ‖u‖ = 1, 0 ≤ r < 1.
By a direct computation, we obtain that∣∣∣Tx(D3f(0)(x3)
3!
)
− 2
3
Tx
(D2f(0)
2!
(x,
D2f(0)(x2)
2!
)
)∣∣∣ = 1− α
3
r3.
Hence, the inequality in the Theorem 2.1 is sharp.
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Remark 2.1 Setting X = Cn, B = Dn, α = 0 in Theorem 2.1, then we can deduce
Theorem 2.1 in [13].
Applying the similarly method as in the proof of Theorem 2.1, we can prove the following
theorem.
Theorem 2.2 If f(x) ∈ QαB(Dn), 0 ≤ α < 1, then∥∥∥D3f(0)(x3)
3!
− 2
3
D2f(0)
2!
(x,
D2f(0)(x2)
2!
)
∥∥∥ ≤ 1− α
3
‖x‖3,∀x ∈ Dn.
The above inequality is sharp.
Setting n = 1 in Theorem 2.2, we obtain Corollary 2.2.
Corollary 2.2 If f(z) = z +
∑∞
n=2 anz
n is a univalent convex function of order α on the
unit disk D in the C, 0 ≤ α < 1, then
|a3 − 2
3
a22| ≤
1− α
3
.
The above inequality is sharp.
Setting α = 0 in Corollary 2.2, we obtain Corollary E.
Theorem 2.3 If f(x) is an almost starlike of order α on B, 0 ≤ α < 1, then
∣∣∣2Tx(D3f(0)(x3)
3!
)
‖x‖ − 2Tx
(D2f(0)
2!
(x,
D2f(0)(x2)
2!
)
)
‖x‖+ [Tx(
D2f(0)(x2)
2! )]
2
1− α
∣∣∣
6 2(1− α)‖x‖4,∀x ∈ B.
The above inequality is sharp.
Proof For fixed x ∈ B\{0}, let x0 = x‖x‖ . Define p(ξ) =
Tx0(g(ξx0))
ξ , ξ ∈ D, where
g(x) = (Df(x))−1f(x).
By the hypothesis of Theorem 2.1, we have p(ξ) ∈ H(D), Rep(ξ) = Re 1|ξ|Tξx0(g(ξx0)) ≥ α,
p(0) = lim
ξ→0
1
ξ
Tx0(g(ξx0)) = Tx0(x0) = 1,
and
p(ξ) = 1 +
Tx0(D
2g(0)(x20))
2!
ξ +
Tx0(D
3g(0)(x30))
3!
ξ2 + · · · .
Consequently, by (2.4) in Lemma 2.2, we obtain∣∣∣Tx0(D3g(0)(x30)3!
)
− 1
1− α
[
Tx0
(D2g(0)(x20)
2!
)]2∣∣∣ ≤ 2(1 − α).
From Lemma 2.4, we conclude that
D2g(0)(x20)
2!
= −D
2f(0)(x20)
2!
,
D3g(0)(x30)
3!
= −2D
3f(0)(x30)
3!
+ 2
D2f(0)
2!
(
x0,
D2f(0)(x20)
2!
)
,
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that is
∣∣∣2Tx0(D3f(0)(x30)3!
)
− 2Tx0
(D2f(0)
2!
(x0,
D2f(0)(x20)
2!
)
)
+
[Tx0(
D2f(0)(x20)
2! )]
2
1− α
∣∣∣ ≤ 2(1− α),∀x0 ∈ ∂B,
For x0 =
x
‖x‖ , so we have Tx(·) = Tx0(·). Thus we obtain
∣∣∣2Tx(D3f(0)
3!
(
x3
‖x‖3 )
)
− 2Tx
(D2f(0)
2!
(
x
‖x‖ ,
D2f(0)
2!
(
x2
‖x‖2 ))
)
+
[Tx(
D2f(0)
2! (
x2
‖x‖2 ))]
2
1− α
∣∣∣ ≤ 2(1− α),∀x ∈ B,
that is,
∣∣∣2Tx(D3f(0)(x3)
3!
)
‖x‖ − 2Tx
(D2f(0)
2!
(x,
D2f(0)(x2)
2!
)
)
‖x‖ + [Tx(
D2f(0)(x2)
2! )]
2
1− α
∣∣∣ ≤ 2(1 − α)‖x‖4,∀x ∈ B.
Finally, it is not difficult to check that the function
f(x) =


x
(1−(1−2α)Tu(x))
2(1−α)
1−2α
, α ∈ [0, 1)\{12},
xeTu(x), α = 12
satisfies the hypothesis of Theorem 2.3, where u ∈ ∂B. We set x = ru, ‖u‖ = 1, 0 ≤ r < 1. By
direct computation, we obtain that
∣∣∣2Tx(D3f(0)(x3)
3!
)
‖x‖ − 2Tx
(D2f(0)
2!
(x,
D2f(0)(x2)
2!
)
)
‖x‖ + [Tx(
D2f(0)(x2)
2! )]
2
1− α
∣∣∣ = 2(1 − α)‖r‖4.
Hence, the inequality in Theorem 2.3 is sharp.
Setting α = 0 in Theorem 2.3, we can obtain the following corollary.
Corollary 2.3[17] If f(x) ∈ S∗(B). Then
∣∣∣2Tx(D3f(0)(x3)
3!
)
‖x‖ − 2Tx
(D2f(0)
2!
(x,
D2f(0)(x2)
2!
)
)
‖x‖ + [Tx(D
2f(0)(x2)
2!
)]2
∣∣∣ ≤ 2‖x‖4,∀x ∈ B,
The above inequality is sharp.
When α = 0, n = 1, we obtain Corollary F by Corollary 2.3.
3 Applications of inequalities
In this section, with the sharp inequalities in Section 2, we will establish the sharp estimates
of the third and fourth homogeneous expansions for the normalized locally biholomorphic quasi-
convex mappings of type B and order α and almost starlike mappings of order α on Dn in
C
n.
In order to establish the main results in this section, we need the following lemmas.
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Lemma 3.1[13] Suppose 0 ≤ α < 1, f : Dn → X is a normalized locally biholomorphic
mapping, then f ∈ QαB(Dn) if and only if
Re
{gj(z)
zj
}
≥ α,∀z ∈ Dn,
where g(z) = (g1(z), g2(z), · · · , gn(z))′ = (Df(z))−1(D2f(z)(z2) + Df(z)z) is a column vector
in Cn, |zj | = ‖z‖ = max1≤k≤n{|zk|}.
Lemma 3.2[13] Suppose 0 ≤ α < 1, f : Dn → X is a normalized locally biholomorphic
mapping, then f is an almost starlike mapping of order α if and only if
Re
{gj(z)
zj
}
≥ α,∀z ∈ Dn,
where g(z) = (g1(z), g2(z), · · · , gn(z))′ = (Df(z))−1f(z)) is a column vector in Cn, |zj | = ‖z‖ =
max1≤k≤n{|zk|}.
Lemma 3.3[8] Suppose g ∈ H(Dn), g(0) = 0,Dg(0) = I, α ∈ [0, 1). If Regj(z)zj ≥ α, z ∈ Dn,
where |zj | = ‖z‖ = max1≤k≤n{|zk|}, then
‖Dmg(0)(zm)‖
m!
≤ 2(1− α)‖z‖m, z ∈ Dn,m = 2, 3, · · · .
The above estimate is sharp.
Lemma 3.4 If∥∥∥(zq1( n∑
l=1
ap1lz
p
l ), z
q
2(
n∑
l=1
ap2lz
p
l ), · · · , zqn(
n∑
l=1
apnlz
p
l ))
′
∥∥∥ ≤ C0‖z‖m,
z ∈ Dn, p+ q = m, p, q ∈ N+,m = 2, 3, · · · ,
where each apkl(p = 1, 2, · · · ,m − 1, k, l = 1, 2, · · · , n) is a complex number independent of
zk(k = 1, 2, · · · , n), ‖z‖ = max1≤k≤n{|zk|}, C0 is a non-negative real constant. Then
M = max
1≤k≤n
{
n∑
l=1
|apkl|} ≤ C0, p = 1, 2, · · · ,m− 1.
Proof For every z ∈ Dn\{0}, taking into the hypothesis of Lemma 3.3, we have
∣∣∣ zqk‖z‖q
( n∑
l=1
apkl
( zl
‖z‖
)p)∣∣∣ ≤ C0.
Especially, for each k, if apkl 6= 0, taking zl = e−i
arg apkl
p ‖z‖, l = 1, 2, · · · , n, where i2 = −1.
Then, we conclude that
n∑
l=1
|apkl| ≤ C0, k = 1, 2, · · · , n,
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that is
M = max
1≤k≤n
n∑
l=1
{|apkl|} ≤ C0, p = 1, 2, · · · ,m− 1.
This completes this proof.
Lemma 3.5[21] Suppose L ∈ Ls(m l∞n ), Lˆ ∈ Ps(m l∞n ), where Ls(m l∞n ),Ps(m l∞n ) are
defined by Definitions 1.6 and 1.7, then
‖L‖ = ‖Lˆ‖, n = 2,
‖L‖ ≤ mm/2(m+ 1)(m+1)/2/2mm!‖Lˆ‖, n ≥ 3, n ∈ N+.
Especially, when m = 2, according to Lemma 3.5, we have
Lemma 3.6 Suppose L ∈ Ls(2 l∞n ), Lˆ ∈ Ps(2 l∞n ), where Ls(2 l∞n ),Ps(2 l∞n ) are defined
by Definitions 1.6 and 1.7, then
‖L‖ = ‖Lˆ‖, n = 2,
‖L‖ ≤ 3
4
√
3‖Lˆ‖, n ≥ 3, n ∈ N+.
By Lemma 3.6, we can obtain the following lemma.
Lemma 3.7 Suppose f : Dn → X is a holomorphic mapping. Define
L(x, y) = D2f(0)(x, y), x, y ∈ X, ‖L‖ = sup {‖L(x, y)‖ : ‖x‖ ≤ 1, ‖y‖ ≤ 1},
Lˆ(x, x) = D2f(0)(x2), x ∈ X, ‖Lˆ‖ = sup {‖Lˆ(x, x)‖ : ‖x‖ ≤ 1},
where ‖x‖ = max1≤k≤n {|xk|}, ‖y‖ = max1≤k≤n {|yk|}. If L and Lˆ are bounded linear operators,
then
‖L‖ = ‖Lˆ‖, for n = 2,
‖L‖ ≤ 3
4
√
3‖Lˆ‖, for n ≥ 3, n ∈ N+.
Furthermore
‖D2f(0)(x, y)‖ ≤ ‖L‖‖x‖‖y‖, for x, y ∈ X.
Proof Since L and Lˆ are bounded linear operators, according to Lemma 3.6, we have
‖L‖ = sup {‖L(x, y)‖ : ‖x‖ ≤ 1, ‖y‖ ≤ 1} = sup
x,y 6=0,x,y∈X
‖D2f(0)(x, y)‖
‖x‖‖y‖ ,
‖Lˆ‖ = sup {‖Lˆ(x, x)‖ : ‖x‖ ≤ 1} = sup
x 6=0,x∈X
‖D2f(0)(x, x)‖
‖x‖2 ,
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then
‖D2f(0)(x, y)‖ ≤ ‖L‖‖x‖‖y‖, x, y ∈ X,
‖D2f(0)(x, x)‖ ≤ ‖Lˆ‖‖x‖2, x,∈ X.
Hence, when ‖x‖ ≤ 1, ‖y‖ ≤ 1, ‖D2f(0)(x, y)‖, ‖D2f(0)(x, x)‖ are all bounded, where
‖D2f(0)(x, y)‖ = max
1≤k≤n
{|D2fk(0)(x, y)|, ‖x‖ ≤ 1, ‖y‖ ≤ 1},
‖D2f(0)(x, x)‖ = max
1≤k≤n
{|D2fk(0)(x2)|, ‖x‖ 6 1}.
From Lemma 3.6, we have
L(x, y) =
( n∑
i,j=1
a1ijxiyj, · · · ,
n∑
i,j=1
anijxiyj
)′
,
Lˆ(x, x) =
( n∑
i,j=1
a1ijxixj , · · · ,
n∑
i,j=1
anijxixj
)′
,
where akij =
∂2fk(0)
∂xi∂xj
, i, j, k = 1, 2, · · · , n. Let
L(x, y) = (L1(x, y), · · · , Ln(x, y))′,
Lˆ(x, x) = (Lˆ1(x, x), · · · , Lˆn(x, x))′,
where Lk =
∑n
i,j=1 a
k
ijxiyj, Lˆk =
∑n
i,j=1 a
k
ijxixj , k = 1, 2, · · · , n. By Definitions 1.6 and 1.7, it
is easy to obtain that Lk ∈ Ls(2 l∞n ), Lˆk ∈ Ps(2 l∞n ), k = 1, 2, · · · , n. then Lk and Lˆk satisfy
the conditions of Lemma 3.6. Therefore,
‖Lk‖ = ‖Lˆk‖, for n = 2, (3.1)
‖Lk‖ ≤ 3
4
√
3‖Lˆk‖, for n ≥ 3, n ∈ N+. (3.2)
Because
‖L‖ = sup
‖x‖≤1,‖y‖≤1
{‖L(x, y)‖}
= sup
‖x‖≤1,‖y‖≤1
max
1≤k≤n
{|Lk(x, y)|}
≥ sup
‖x‖≤1,‖y‖≤1
{|Lk(x, y)|}
= ‖Lk‖, k = 1, 2, · · · , n,
we have
‖L‖ ≥ max
1≤k≤n
{‖Lk‖}.
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On the other hand,
‖L‖ = sup
‖x‖≤1,‖y‖≤1
{‖L(x, y)‖}
= sup
‖x‖≤1,‖y‖≤1
max
1≤k≤n
{|Lk(x, y)|}
≤ sup
‖x‖≤1,‖y‖≤1
max
1≤k≤n
sup
‖x‖≤1,‖y‖≤1
{|Lk(x, y)|}
= sup
‖x‖≤1,‖y‖≤1
max
1≤k≤n
{‖Lk‖}
= max
1≤k≤n
{‖Lk‖}.
Hence,
‖L‖ = max
1≤k≤n
{‖Lk‖}.
Similarly, we have
‖Lˆ‖ = max
1≤k≤n
{‖Lˆk‖}.
According to (3.1) and (3.2), we obtain
‖L‖ = ‖Lˆ‖, n = 2,
‖L‖ ≤ 3
4
√
3‖Lˆ‖, n ≥ 3, n ∈ N+.
This completes the proof.
Lemma 3.8 Assume that α ∈ [0, 37−
√
505
72 ], and
h(x) =
12α2 − 10α + 1
4(1 − α)2 x
3 − 1
2(1− α)x
2 + (5− 7α)x + 2(1− α),
then h(x) is strictly increasing on x ∈ [0, 2(1 − α)], and
max
x∈[0,2(1−α)]
{h(x)} = h(2(1 − α)) = (1− α)(3 − 4α)(4 − 6α).
Proof Since h(x) = 12α
2−10α+1
4(1−α)2 x
3 − 12(1−α)x2 + (5− 7α)x + 2(1− α), we have
h′(x) =
3(12α2 − 10α + 1)
4(1 − α)2 x
2 − 1
1− αx+ 5− 7α
=
3(12α2 − 10α + 1)
4(1 − α)2
(
x− 2(1− α)
3(12α2 − 10α+ 1)
)2
+5− 7α− 1
3(12α2 − 10α+ 1) .
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When α ∈ [0, 15−
√
154
36 ),
12α2 − 10α + 1 > 0, 0 < 2(1− α)
3(12α2 − 10α + 1) < 2(1− α),
h′(
2(1− α)
3(12α2 − 10α + 1)) = 5− 7α−
1
3(12α2 − 10α + 1) > 0,
then h′(x) > h′( 2(1−α)3(12α2−10α+1) ) > 0 for each x ∈ [0, 2(1 − α)]. Hence h(x) is strictly increasing
on x ∈ [0, 2(1 − α)].
When α ∈ [15−
√
154
36 ,
10−√52
24 ),
12α2 − 10α + 1 > 0, 2(1− α)
3(12α2 − 10α + 1) ≥ 2(1− α), h
′(0) = 5− 7α > 0, h′(2(1 − α)) > 0,
then h′(x) > 0, for every x ∈ [0, 2(1 − α)]. So h(x) is strictly increasing on x ∈ [0, 2(1 − α)].
When α = 10−
√
52
24 ,
h′(x) = − 1
1− αx+ 5− 7α, h
′(2(1 − α)) = 3− 7α > 0,
then h′(x) > 0, for ∀x ∈ [0, 2(1 − α)], h(x) is strictly increasing on x ∈ [0, 2(1 − α)].
When α ∈ (10−
√
52
24 ,
37−√505
72 ],
12α2 − 10α + 1 < 0, 2(1 − α)
3(12α2 − 10α+ 1) < 0, h
′(2(1 − α)) ≥ 0,
then h′(x) > 0, for ∀x ∈ [0, 2(1 − α)], h(x) is strictly increasing on x ∈ [0, 2(1 − α)]. Hence, for
∀α ∈ [0, 37−
√
505
36 ], where
37−√505
36 ≈ 0.2018, h(x) is strictly increasing on x ∈ [0, 2(1 − α)], and
max
x∈[0,2(1−α)]
{h(x)} = h(2(1 − α)) = (1− α)(3 − 4α)(4 − 6α).
This completes this proof.
Theorem 3.1 If 0 ≤ α < 1 and f ∈ QαB(Dn), then for any z ∈ Dn, we have
‖D3f(0)(z3)‖
3!
≤ (1− α)(3 − 2α)
3
‖z‖3, for n = 2, (3.3)
‖D3f(0)(z3)‖
3!
≤ (1− α)(
3
2
√
3 + 1− 32
√
3α)
3
‖z‖3, for n ≥ 3, n ∈ N+. (3.4)
When n = 2, the estimate (3.3) is sharp.
Proof For any z ∈ Dn \ {0}, define z0 = z‖z‖ . By Lemmas 2.3 and 3.1, we have
‖D2f(0)(z20)‖ ≤ 2(1− α), ‖z0‖ = 1, (3.5)
Apparently, Lˆ(z2) = D2f(0)(z2) is a bounded linear operator. Then we have
‖Lˆ‖ = sup {‖Lˆ(z2)‖ : ‖z‖ ≤ 1} = sup {‖Lˆ(z2)‖ : ‖z‖ = 1}. (3.6)
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According to (3.3), (3.4), we obtain
‖Lˆ‖ = 2(1− α).
Let L(x, y) = D2f(0)(x, y), x, y ∈ X, by Lemma 3.6, we have
‖L‖ = 2(1 − α), n = 2,
‖L‖ ≤ 3
2
√
3(1− α), n ≥ 3, n ∈ N+
Let w = D
2f(0)(z2)
2! , again by Lemma 3.7, we obtain
‖D2f(0)(z, w)‖ ≤ ‖L‖‖z‖‖w‖ ≤ 2(1 − α)‖z‖‖w‖ ≤ 2(1 − α)2‖z‖2, z ∈ Dn, n = 2,
‖D2f(0)(z, w)‖ ≤ ‖L‖‖z‖‖w‖ ≤ 3
2
√
3(1− α)‖z‖‖w‖ ≤ 3
2
√
3(1− α)2‖z‖2, z ∈ Dn, n ≥ 3, n ∈ N+.
According to Corollary 2.2, we conclude that when n = 2,
‖D3f(0)(z3)‖
3!
≤ 1− α
3
‖z‖3 + 1
3
‖D2f(0)(z, w)‖
≤ 1− α
3
‖z‖3 + 2(1 − α)
2
3
‖z‖3
=
(1− α)(3 − 2α)
3
‖z‖3, z ∈ D2.
Similarly, when n ≥ 3, n ∈ N+,
‖D3f(0)(z3)‖
3!
≤ (1− α)(
3
2
√
3 + 1− 32
√
3α)
3
‖z‖3, z ∈ Dn.
When n = 2, it is easy to prove the function
f(z) =


(
1−(1−z1)2α−1
2α−1 ,
1−(1−z2)2α−1
2α−1 )
′, α ∈ [0, 1)\{12},
(− log(1− z1),− log(1− z2))′, α = 12
meets the conditions of Theorem 3.1. Taking z = (r, 0)′(0 ≤ r < 1), then
‖D3f(0)(z3)‖
3!
=
(1− α)(3 − 2α)
3
r3.
This completes the proof.
Theorem 3.2 Suppose 0 ≤ α < 1, f ∈ QαB(Dn), and D
2fk(0)(z
2)
2! = zk(
∑n
l=1 aklzl), k =
1, 2, · · · , where aml = 12! ∂
2fm(0)
∂zm∂zl
,m, l = 1, 2, · · · , n, then
‖D3f(0)(z3)‖
3!
≤ (1− α)(3 − 2α)
3
‖z‖3, z ∈ Dn.
The above estimate is sharp.
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Proof. For fixed z ∈ Dn \ {0}, define z0 = z‖z‖ . Through Lemmas 2.3, 3.1 and 3.2, we
have
‖D2f(0)(z20)‖ ≤ 2(1− α).
According to Lemma 3.4, we obtain
n∑
l=1
|a(j)jl | ≤ 2(1− α). (3.7)
Define w = D
2f(0)(z2)
2! , then
D2f(0)
(z +w
2
,
z + w
2
)
=
1
4
D2f(0)(z2) +
1
2
D2f(0)(z, w) +
1
4
D2f(0)(w2),
D2f(0)
(z −w
2
,
z − w
2
)
=
1
4
D2f(0)(z2)− 1
2
D2f(0)(z, w) +
1
4
D2f(0)(w2).
Because D2fj(0)(z
2) = zj
(∑n
l=1 a
(j)
jl zl
)
, where |zj | = ‖z‖ = max1≤k≤n{|zk|}, then
D2fj(0)(z, w) = D
2fj(0)
(z + w
2
,
z +w
2
)
−D2fj(0)
(z −w
2
,
z − w
2
)
= −1
4
(zj − wj)
( n∑
l=1
a
(j)
jl (zl − wl)
)
=
1
2
[
zj
( n∑
l=1
ajjlwl
)
+ wj
( n∑
l=1
a
(j)
jl zl
)]
. (3.8)
By (3.5) and (3.6), we have
∣∣∣D2fj(0)(z0, D2f(0)(z20)
2!
)∣∣∣ = 1
2
∣∣∣ zj‖z‖
( n∑
l=1
a
(j)
jl
D2fl(0)(z
2
0)
2!
)
+
D2fj(0)(z
2
0)
2!
( n∑
l=1
a
(j)
jl
zl
‖z‖
)∣∣∣
≤ 1
2
[∣∣∣ n∑
l=1
a
(j)
jl
D2fl(0)(z
2
0)
2!
∣∣∣+ |D2fj(0)(z20)|
2!
∣∣∣ n∑
l=1
a
(j)
jl
zl
‖z‖
∣∣∣]
≤ 1
2
[ n∑
l=1
|a(j)jl |
|D2fl(0)(z20)|
2!
+
|D2fj(0)(z20 )|
2!
n∑
l=1
|a(j)jl |
|zl|
‖z‖
]
≤ 1
2
[
2(1− α)(1 − α) + (1− α)2(1 − α)
]
= 2(1 − α)2, j = 1.2, · · · , n.
That is wwwD2f(0)(z0, D2f(0)(z20)
2!
)www ≤ 2(1− α)2, z0 ∈ ∂Dn.
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In view of the maximum modulus theorem of holomorphic functions on the unit polydisk,
we obtain wwwD2f(0)(z, D2f(0)(z2)
2!
)www ≤ 2(1− α)2‖z‖3, z ∈ Dn.
Using Corollary 2.2, we conclude that
‖D3f(0)(z3)‖
3!
≤ 1− α
3
‖z‖3 + 1
3
wwwD2f(0)(z, D2f(0)(z2)
2!
)www
≤ 1− α
3
‖z‖3 + 2(1 − α)
2
3
‖z‖3
=
(1− α)(3 − 2α)
3
‖z‖3, z ∈ Dn.
Finally, it is easy to prove the function
f(z) =


(
1−(1−z1)2α−1
2α−1 ,
1−(1−z2)2α−1
2α−1 , · · · , 1−(1−zn)
2α−1
2α−1
)′
, α ∈ [0, 1)\{12},
(− log(1− z1),− log(1− z2), · · · ,− log(1− zn))′, α = 12
meets the conditions of Theorem 3.2. Taking z = (r, 0, · · · , 0)′(0 ≤ r < 1), then
‖D3f(0)(z3)‖
3!
=
(1− α)(3 − 2α)
3
r3.
This completes the proof of Theorem 3.2.
Theorem 3.3 Suppose 0 ≤ α ≤ 12 , f is an almost starlike of order α in Dn, and
2zk
D2fk(0)
2!
(
z0,
D2f(0)(z20)
2!
)
‖z‖ − 1
1− α
[D2fk(0)(z20)
2!
]2
‖z‖2
=
1− 2α
1− α z
2
k
( n∑
k=1
akm
zk
‖z‖(
n∑
l=1
aml
zl
‖z‖ )
)
, for z ∈ Dn\{0}.
where aml =
1
2!
∂2fm(0)
∂zm∂zl
,m, l = 1, 2, · · · , n, then
‖D3f(0)(z3)‖
3!
≤ (1− α)(3 − 4α)‖z‖3, for z ∈ Dn.
The above estimate is sharp.
Proof. For fixed z ∈ Dn \ {0}, define z0 = z‖z‖ . Taking Tz = (0, · · · , 0,
|zj |
zj
, · · · , 0), where
|zj | = ‖z‖ = max1≤k≤n{|zk|}. Applying Theorem 2.3, we have∣∣∣2D3fj(0)(z30)
3!
‖z‖
zj
− 2D
2fj(0)
2!
(
z0,
D2f(0)(z20)
2!
)‖z‖
zj
+
1
1− α
[D2fj(0)(z20)
2!
]2
(
‖z‖
zj
)2
∣∣∣ ≤ 2(1 − α).
According to the hypothesis of Theorem 3.3, we obtain
|D3fj(0)(z30 )|
3!
≤ 1− α+ 1− 2α
1− α
M2
2
,
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where |zj | = ‖z‖ = max1≤k≤n{|zk|}, M = max1≤k≤n{
∑n
l=1 |akl|}. Applying the maximum
modulus principle of holomorphic functions, and Lemmas 3.1, 3.3 and 3.4, C0 = 2(1 − α), then
‖D3f(0)(z3)‖
3!
≤ (1− α+ 1− 2α
1− α
M2
2
)‖z‖3 ≤ (1− α)(3 − 4α)‖z‖3, z ∈ Dn.
Finally, it is easy to prove that the function
f(z) =


(
z1
(1−(1−2α)z1)
2(1−α)
1−2α
, · · · , zn
(1−(1−2α)zn)
2(1−α)
1−2α
)′
, 0 6 α < 12 ,
(z1e
z1 , · · · , znezn)′, α = 12
meets the hypothesis of Theorem 3.3, where z ∈ Dn. Taking z = (r, 0, · · · , 0)′(0 ≤ r < 1),
D3f(0)(z3) = (6(1 − α)(3− 4α)r3, 0, · · · , 0)′.
Then
‖D3f(0)(z3)‖
3!
= (1− α)(3 − 4α)r3,
This completes the proof of Theorem 3.3.
Corollary 3.3 Suppose 0 ≤ α ≤ 12 , f is an almost starlike mapping of order α in Dn, and
D2fk(0)(z
2)
2! = zk(
∑n
l=1 aklzl), k = 1, 2, · · · , where aml = 12! ∂
2fm(0)
∂zm∂zl
,m, l = 1, 2, · · · , n, then
‖D3f(0)(z3)‖
3!
≤ (1− α+ 1− 2α
1− α
M2
2
)‖z‖3 ≤ (1− α)(3 − 4α)‖z‖3, z ∈ Dn.
where M = max1≤k≤n{
∑n
l=1 |akl|}. The above estimate is sharp.
Remark Setting α = 0 and f ∈ S∗(Dn) in Corollary 3.3, we can obtain Theorem 1.3 in
[15].
Theorem 3.4 If 0 ≤ α < 1, f is an almost starlike of order α in Dn, then
‖D3f(0)(z3)‖
3!
≤ (1− α)(5 − 4α)‖z‖3, z ∈ Dn, n = 2,
‖D3f(0)(z3)‖
3!
≤ (1− α)(3
√
3 + 1− 3
√
3α)‖z‖3, z ∈ Dn, n ≥ 3, n ∈ N+.
Proof For fixed z ∈ Dn \ {0}, define z0 = z‖z‖ . By Lemmas 2.3 and 3.1, we have
‖D2f(0)(z20)‖ ≤ 4(1− α), ‖z0‖ = 1. (3.9)
Apparently, Lˆ(z2) = D2f(0)(z2) is a bounded linear operator, we have
‖Lˆ‖ = sup {‖Lˆ(z2)‖ : ‖z‖ ≤ 1} = sup {‖Lˆ(z2)‖ : ‖z‖ = 1}. (3.10)
According to (3.3), (3.4), we obtain
‖Lˆ‖ = 4(1− α).
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Let L(x, y) = D2f(0)(x, y), x, y ∈ X, by Lemma 3.6 we have
‖L‖ = 2(1− α), for n = 2,
‖L‖ ≤ 3
2
√
3(1− α), for n ≥ 3, n ∈ N+.
Let w = D
2f(0)(z2)
2! and ‖w0‖ =
‖D2f(0)(z20 )‖
2! ≤ 2(1− α), again by Lemma 3.7,
‖D2f(0)(z, w)‖ ≤ ‖L‖‖z‖‖w‖ ≤ 4(1− α)‖z‖‖w‖ ≤ 8(1− α)2‖z‖2, z ∈ Dn, n = 2,
‖D2f(0)(z, w)‖ ≤ ‖L‖‖z‖‖w‖ ≤ 3
√
3(1− α)‖z‖‖w‖
≤ 6
√
3(1− α)2‖z‖2, z ∈ Dn, n ≥ 3, n ∈ N+.
According to Lemmas 2.2 and 2.4, we conclude that∣∣∣2D3f(0)(z30)
3!
− 2D
2f(0)
2!
(z0, w0)
∣∣∣ ≤ 2(1− α). (3.11)
By (3.7), (3.8) and (3.9), we have
‖D3f(0)(z30)‖
3!
≤ 1− α+ 1
2
‖Df(0)(z0, w0)‖ ≤ (1− α)(5 − 4α), n = 2,
‖D3f(0)(z30)‖
3!
≤ (1− α)(3
√
3 + 1− 3
√
3α), n ≥ 3, n ∈ N+,
that is
‖D3f(0)(z3)‖
3!
≤ (1− α)(5 − 4α)‖z‖3, z ∈ Dn, n = 2,
‖D3f(0)(z3)‖
3!
≤ (1− α)(3
√
3 + 1− 3
√
3α)‖z‖3, z ∈ Dn, n ≥ 3, n ∈ N+.
This completes the proof.
Theorem 3.5 Suppose 0 ≤ α ≤ 37−
√
505
36 , f is an almost starlike mapping of order α in D
n,
and D
2fk(0)(z
2)
2! = akz
2
k,
D3fk(0)(z
3)
3! = bkz
3
k, k = 1, 2, · · · , n, z ∈ Dn, where ak = 12! ∂
2fk(0)
∂2zk
, bkl =
1
3!
∂3fk(0)
∂3zk
, k, l = 1, 2, · · · , n, then
‖D4f(0)(z4)‖
4!
≤ (1− α)(3 − 4α)(4 − 6α)
3
‖z‖4, z ∈ Dn.
The above estimate is sharp.
Proof For fixed z ∈ Dn\{0}, let z0 = z‖z‖ . Define pj(ξ) =
gj(ξz0)‖z‖
ξzj
, ξ ∈ D, where
g(z) = (g1(z), g2(z), · · · , gn(z))′ = (Df(z))−1f(z)
is a column vector in Cn, |zj | = ‖z‖ = max1≤k≤n{|zk|}. Since f(z) is an almost starlike mapping
of order α in Dn, we have pj(ξ) ∈ H(D),Repj(ξ) ≥ α, pj(0) = 1, and
pj(ξ) = 1 +
D2gj(0)(z
2
0)
2!
‖z‖
zj
ξ + · · ·+ D
mgj(0)(z
m
0 )
m!
‖z‖
zj
ξm−1 + · · · , ξ ∈ D.
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According to Lemma 2.2, we have
∣∣∣D4gj(0)(z40)
4!
‖z‖
zj
−
D2gj(0)(z20 )
2!
‖z‖
zj
D3gj(0)(z30 )
3!
‖z‖
zj
1− α +
(
D2gj(0)(z20 )
2!
‖z‖
zj
)3
4(1 − α)2
∣∣∣
≤ 2(1− α)−
|D2gj(0)(z20)2! ‖z‖zj |2
2(1 − α) . (3.12)
From Lemma 2.4 and the conditions of Theorem 3.4, we have
D2gj(0)(z
2
0)
2!
‖z‖
zj
= −aj zj‖z‖ ,
D3gj(0)(z
3
0)
3!
‖z‖
zj
= 2a2j (
zj
‖z‖ )
2 − 2bj( zj‖z‖)
2,
D4gj(0)(z
4
0)
4!
‖z‖
zj
= −3D
4fj(0)(z
4
0)
4!
‖z‖
zj
− 4a3j (
zj
‖z‖)
3 + 7ajbj(
zj
‖z‖)
3.
Consequently, we have
− 3D
4fj(0)(z
4
0)
4!
‖z‖
zj
=
D4gj(0)(z
4
0)
4!
‖z‖
zj
+ 4a3j (
zj
‖z‖)
3 − 7ajbj( zj‖z‖)
3, (3.13)
and ∣∣∣D4gj(0)(z40)
4!
‖z‖
zj
+
7− 8α
4(1 − α)2 a
3
j(
zj
‖z‖ )
3 − 2
1− αajbj(
zj
‖z‖)
3
∣∣∣ ≤ 2(1− α)− |aj |2
2(1− α) . (3.14)
According to Theorem 2.3, we have∣∣∣ 3− 4α
2(1 − α)a
2
j (
zj
‖z‖)
2 − 2bj( zj‖z‖ )
2
∣∣∣ ≤ 2(1− α)− |aj|2
2(1 − α) . (3.15)
Connecting (3.11), (3.12) and (3.13), we have
∣∣∣− 3D4fj(0)(z40)
4!
‖z‖
zj
∣∣∣ = ∣∣∣D4gj(0)(z40)
4!
‖z‖
zj
+ 4a3j (
zj
‖z‖)
3 − 7ajbj( zj‖z‖)
3
∣∣∣
=
∣∣∣(D4gj(0)(z40 )
4!
‖z‖
zj
+
7− 8α
4(1 − α)2 a
3
j(
zj
‖z‖ )
3 − 2
1− αajbj(
zj
‖z‖)
3
∣∣∣)
+
5− 7α
2(1− α)aj
zj
‖z‖
[ 3− 4α
2(1 − α)a
2
j (
zj
‖z‖)
2 − 2bj( zj‖z‖ )
2
]
−12α
2 − 17α + 6
4(1 − α)2 a
3
j (
zj
‖z‖)
3
∣∣∣
= 2(1− α)− |aj |
2
2(1 − α) +
5− 7α
2(1 − α) |aj |
(
2(1− α)− |aj|
2
2(1 − α)
)
+
12α2 − 17α + 6
4(1 − α)2 |aj |
3
=
12α2 − 10α+ 1
4(1 − α)2 |aj|
3 − |aj|
2
2(1 − α) + (5− 7α)|aj |+ 2(1− α).
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By Lemma 3.8, we obtain
∣∣∣D4fj(0)(z40)
4!
∣∣∣ 6 1
3
[12α2 − 10α+ 1
4(1− α)2 M
3 − 1
2(1 − α)M
2 + (5− 7α)M | + 2(1− α)
]
6
(1− α)(3 − 4α)(4 − 6α)
3
.
Notice that M = max{1≤k≤n}{|ak|} ≤ 2(1 − α), by Lemma 3.4,
‖D4f(0)(z4)‖
4!
≤ (1− α)(3 − 4α)(4 − 6α)
3
‖z‖4, z ∈ Dn.
Example in the proof of Theorem 3.3 verifies the accuracy of theorem 3.5. This completes
the proof.
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